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$G$ $F$ $p>0$ $B$ $FG$ defect group $D$
$n$ p-part $n_{p}$ $|G|_{p}=p^{a}$ $|D|=p^{d}$ $\varphi$ $B$
Brauer $\varphi(1)$ $p^{a-d}$ $\varphi(1)_{p}=p^{a-d+e},$ $\exists e\geq 0$
$e$ $\varphi$ (height) $h(\varphi)=e$ $0$ Brauer
(Theorem IV.4.5 [6]).
$B$
$\chi$ $\chi(1)_{p}=p^{a-d+[},$ $\exists f\geq 0$ $f=h(\chi)$
$\chi(1)||G|$ $0\leq h(\chi)\leq d$ $B$rauer height
zero Alperin-McKay Olsson
Brauer $\varphi$ $h(\varphi)$ $\varphi(1)$
$\varphi(1)$ $|G|$ $h(\varphi)\not\leq d$
Thackray $G=McL,p=2$ 2- $B$ $\varphi(1)_{2}=2^{9}$
Brauer $|G|_{2}=2^{7}$ $a=d=7$ $h(\varphi)=9>7=d$ (p. 166 [6]).
Brauer $0$ ? SL $($ 2, $2^{n})$
2- SL $($ 2, $p),$ $p$ :odd full defect
$(p-1)/2$ $0$ 2-
1784 2012 140-149 140
1(Kiyota-Okuyama-W [14]). $G=\mathfrak{S}_{n}$ $n$ $p=2$ 2-
$B$ Brauer $0$
1 $\mathfrak{S}_{n}$






1 Fong, James (James
).
2(Fong [7], James [10]). $G$ $F$ char $(F)=2$ $V$
$FG$- $V$ self-dual $\dim_{F}(V)$
$FG$- self-dual
3 (Fong [7], James [101). $\mathfrak{S}_{n}$ $n$ $F$ 2 $V$
$FG$- $\dim(V)$




(1.1) $n=3,4$ IBr$(B_{0})=$ { $1_{1},1_{2}=$ sign} $0$
(12) $n=5$ IBr $(B_{0})=\{1_{1},4_{1}\}$ $0$
(13) $n=6$ IBr $(B_{0})=\{1_{1},1_{2},4_{1},4_{2},6\}$ $0$ 4 1 1
(14) $n=7$ $IBr(B_{0})=\{1_{1},1_{2},13_{1},13_{2},20\}$ $0,13 \int|G|$
(2) $p=5$
(2.1) $n=5$ IBr $(B_{0})=\{1_{1},1_{2},3_{1},3_{2}\}$ $0$
(2.2) $n=6$ IBr $(B_{0})=\{1_{1},1_{2},8_{1},8_{2}\}$ $0$
1.2 1 $p=2$
$mod 2$ reduction $p$ $0$
141
2Scopes [19] Donovan Chuang-
Rouquier [2] $\mathfrak{S}_{n}$ Brou\’e abelian defect group
$B$ weight $w$ $B$ $\mathfrak{S}_{pw}$ P-
derived equivalent
1 phpart derived equivalence
$p=3$ $B_{0}(\mathfrak{S}_{7})$ weight2 $B_{0}(\mathfrak{S}_{6})$ derived
equivalent height $0$ Brauer $l_{0}(B_{0}(\mathfrak{S}_{7}))=5,$ $l_{0}(B_{0}(6_{6}))=4$
Green symplectic bilinear form
James $n$
Iwahori-Hecke $GL_{n}(q)$
Olsson [18], Srinivasan [20], Hemmer [8], Turner
[21], Donkin [31, Bessenrodt and Hill [1]
2 Preliminaries
1
James [11] James-Kerber [13] $F$ 2 $\Omega=\{1,2, \ldots,n\}$
( $F$ 2 2
2 )




$M^{\mu}:=(F_{6_{\mu}})^{\uparrow \mathfrak{S}_{n}}$ $\mathfrak{S}_{n}$-set $[\mathfrak{S}_{\mu}\backslash \mathfrak{S}_{n}]$ $F$ $\mathfrak{S}_{\mu}\simeq \mathfrak{S}_{\mu_{1}}\cross \mathfrak{S}_{\mu_{2}}\cross$
.. .
$\mu$ Young subgroup $M^{\mu}$ $\mu$-tabloids Young diagram
1, 2, . . . , $n$ $\mu$-tableau $t$ row stabilizer basis
$M^{\mu}$ submodule $\mu$-polytabloids $\mu$-tabloids basis
Specht module $S^{\mu}$ $F$ $0$ $S^{\mu}$
$F\mathfrak{S}_{n}$
$n$ partition $\mu=$ $(\mu_{1}, \mu_{2}, \ldots)$ 2-regular $\mu_{1}>\mu_{2}>\cdots$ $\mu$
2-regular Specht module $S^{\mu}$ unique quotient module
$D^{\mu}$ $D^{\mu}$ $F\mathfrak{S}_{n}-bOffl$ Young diagram $[\mu]$ 2-weight $w$ 2-core $[\delta_{k}]$
Young diagram $[\mu]$ 2-rim hook
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$[\mu]$ Young diagram
2-rim hook 2-rim hooks
$[\mu]$ weight $w$ 2-core $[\delta_{k}]$ 2-rim hooks
$w$ $\delta_{k}$ (weight core Young diagram
$[\mu]$ partition $\mu$ $\mu$ weight $w$ , 2-core $\delta_{k}$
hook, weight, core [20] $)$
$\cross$ $\cross$ $\cross$
2.1 $n=9,$ $[4,2^{2},1]$ Young diagram $x\cross$ : 2-rim hook
: $\cross$ 2-core [2, 1], 2-weight $w=3$
Nakayama Conjecture(1941) (Conjecture 1947 G. de B. Robinson,
Brauer ) $S^{\lambda}$ $S^{\mu}$ $\mathfrak{S}_{n}$
2- $\Leftrightarrow Young$ diagram $[\lambda]$ $[\mu]$ 2-cores 2-weights
2.2 65 7 partition 2-regular $\circ$ 2-rim hook
$*$
2-core
2- $B_{1},$ $B_{2}$ $k(B)$ $l(B)$ Brauer
$w(B)$ weight, $d(B)$ defect (i.e. defect group 1 $d$
)
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1. 2-core $0$ $k$ $\delta_{k}=$ $(k, k-1, k-2, \ldots , 2, 1)$
$k=0$ $\delta_{0}=[0]$ $k>0$ $|\delta_{k}|:=m.=k(k+1)/2$
2. $D(B)$ $B$ defect group ( $B$ $G$ 2- )
$D(B)\simeq D\in Sy1$2 $(\mathfrak{S}_{2w})$ Chuang-Rouquier [2] $B$ $\mathfrak{S}_{2w}$ 2- derived
equivalent
3. $\mathcal{P}(n)$ $n$ partition $\mu 0$ $:=(k+2w, k-1, \ldots, 2,1)$ $n$ patition
2-regulal 2-core $\delta_{k}$ partition
4. $\mathcal{P}(n)$ $\lambda,$ $\mu\in \mathcal{P}(n)$ $\lambda<\mu\Leftrightarrow\lambda_{1}=\mu_{1}\cdot,$ $\ldots,$$\l mbda_{i-1}=def$
$\mu_{i-1},$ $\lambda_{i}<\mu_{i},$ $\ldots$ $\mu 0$
$\delta_{k}$ 2-core 2-regular partition
5. $\mu_{0}$ $M^{\mu 0}=S^{\mu 0}\oplus M’$ $M’\not\in B$ $S^{\mu 0}=D^{\mu_{0}}$
Lemma $D^{\mu_{0}}$ $0$ F$\mathfrak{S}$n- $\mathfrak{y}$D$\Re$ vertex $D(B)$ source trivial module $F_{D(B)}$
1
1(Kiyota-Okuyama-W [14]). $6_{n}$ $n$ $p=2$ $B$ $\mathfrak{S}_{n}$ 2-
2-core $\delta_{k}$ $D^{\mu_{0}}$ $B$ $0$ unique $F6_{n}$-
2. 1 1 Fong, James 3 $b$ 2- Fong, James
3 full defect 2
3 1
1 1





$\Omega=\{1,2, \ldots, n\}$ $G=6_{n}=6_{\Omega}$ $\Omega_{2w}=\{1,2, \ldots, 2w\}$ $G_{2w}=\mathfrak{S}_{\Omega_{2w}}$
$\Omega_{m}’=\{2w+1, \ldots, 2w+m\}$ $K=6_{\Omega_{m}’}$ $m=|\delta_{k}|=k(k+1)/2$
$\Omega=\Omega_{2w}[sqcup]\Omega_{m}’$
$D^{\mu}$ $B$ $F6_{n}$- 2-core $\delta_{k}$ $Q$ $D^{\mu}$ vertex
$N_{G}(Q)\subseteq G_{2w}\cross K$ $(G, Q, G_{2w}\cross K)$ $D^{\mu}$ Green $f(D^{\mu})$
$f(D^{\mu})$ $F(G_{2w}\cross K)$ -
$f(D^{\mu})$ $T^{\mu}$ $FG_{2w}$- $T^{\mu}\otimes_{F}S$ $S$ $D^{\delta_{k}}$
$K$ defect $0$ 2- $FK$-
32 $B$ $FG$- $D^{\mu}$ $\mu\neq\mu 0$ $T^{\mu}$
31 32 1
4 1
$G=6_{n}$ 2- $B$ $0$ $FG$- $D^{\mu}$ 2-core
$\delta_{k}$
$\mu=\mu_{0}$ $FG$-
Case 1. $\mu$ $k+1$ nonzero parts ( $\mu\neq\mu_{0}$
$)$
$arrow$ 32
(1) $T^{\mu}$ $\Leftrightarrow D^{\mu}e_{1}$ $e_{1}$ $FK$ primitive
idempotent Young symmetrizer ([9],[22]). standard $\delta$k-tableaux
standard tableau tl
(2) $e_{0}$ $FK$ defect $0$ $e_{0}$ $FK$ $S^{\mu}e_{0}$
$FK$- $M^{\mu}$ $F$- $E_{t}$ , ( $t$ standard $\mu$-tableau )






$e_{1}$ $e0$ $FK$ primitive idempotent, $e0e_{1}=e_{1}$ $\{$ , $\}$
$S^{\mu}e_{1}=S^{\mu}e_{0}e_{1}$ bilinear form $b$
$b(ve_{1}, ue_{1})$ $:=\langle ve_{1},$ $ue_{1}x_{0})=\{ve_{1}x_{0}, u\}$ , $ve_{1},$ $ue_{1}\in S^{\mu}e_{1}$
$x_{0}\in K$ $t_{1}x_{0}=t_{f}$ unique $K$ $t_{f}$ $\delta_{k^{-}}$
tableau $t_{1}$ ( tableau) $x_{0}$
involution
$b$ $S^{\mu}e_{1}$ symplectic, $b(ve_{1},ve_{1})=0$ for all $v\in S^{\mu}e0$ Specht
$S^{\mu}$ $F$- $\mu$-polytabloid $E_{t}$ $b(E_{t}e_{1}, E_{t}e_{1})=0$
$Et=\rho\cdot x_{t}\kappa_{t}$ $\rho=\rho_{s}:=\cdot\sum_{x\in R_{s}}x$ $s$
standard $\mu-$tableau, $R_{s}$ $s$ stabilizer, $t$ standard $\mu-$ tableau, $\kappa_{t}=\sum_{y\in C_{t}}$ sgn$(y)y$
$C_{t}$ $t$ stabilizer char$(F)=2$ sgn(y) $x_{t}$
$s\cdot x_{t}=t$ unique $G:=6_{n}$
$b(E_{t}e_{1}, E_{t}e_{1})=\langle E_{t}e_{1}x_{0},$ $E_{t}\}=(\rho\cdot x_{t}\kappa_{t}e_{1}x_{0},$ $\rho\cdot x_{t}\kappa_{t}\rangle=\langle\rho\cdot x_{t}\kappa_{t}e_{1}x_{0}\kappa_{t},$ $\rho\cdot x_{t}\}$ .
$\kappa_{t}$ $y\in C_{t}$ $\langle,$ $\rangle$ G-invariant
$y^{-1}$
$e_{1}x_{0}\in FK$ $\kappa_{t}e_{1}x_{0}\kappa_{t}=0$ $e_{1}= \sum_{g\in K}a_{g}g$
$\kappa_{t}gx_{0}\kappa_{t}=gx_{0}\cdot(gx_{0})^{-1}\kappa_{t}gx_{0}\cdot\kappa_{t}=gx_{0}\cdot C_{t}^{gx_{0}}C_{t}$
$X\ovalbox{\tt\small REJECT}$ $X$ $G$ $H,$ $K$ $|HK|=$
$|H||K|/|H\cap K|$ $\hat{H}\hat{K}=|H\cap K|\sum_{z\in HK^{Z}}$
$gx_{0} \cdot\overline{C_{t}^{gx_{0}}}\hat{C_{t}}=gx_{0}\cdot|C_{t}^{gxo}\cap C_{t}|\sum_{z\in C_{t^{gx}}oc_{t}}z=0$
$0$ $6_{n}$ $\mu$-tableau $t$ $K$ $k$
$t$ stabilizer $C_{t}$ $C_{t}^{k}$ $C_{t}$ $F$ $|C_{t}^{gx_{0}}\cap C_{t}|=0$
bilinear form $b$
$D^{\mu}e_{1}\simeq(S^{\mu}/(S^{\mu}\cap(S^{\mu})^{\perp}))e_{1}\simeq S^{\mu}e_{1}/S^{\mu}e_{1}\cap(S^{\mu}e_{1})^{b\perp}$
symplectic, non-singular $D^{\mu}e_{1}$ $(S^{\mu})^{\perp}=\{v\in$
$S^{\mu}|\{v,$ $u\rangle=0$ for all $u\in S^{\mu}\}$ $(S^{\mu}e_{1})^{b\perp}=\{ve_{1}\in S^{\mu}e_{1}|b(ve_{1}, ue_{1})=0$ for all $ue_{1}\in$
$S^{\mu}e_{1}\}$
(1) 32 ( HWeyl [22]
[9] )
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Case 2. $\mu$ $k$ nonzero parts
James $n$ induction 3.1 $k=0,1$
2-core $B$ 2.1 Fong, James
3 $k\neq 0,1$
Theorem (James [12]). $\mu=(\mu_{1}, \ldots, \mu_{k}),$ $=(\nu_{1}, \ldots, \nu_{k})$ $n$ partition $\mu_{k}\neq 0,$ $\nu_{k}\neq 0$
$\mu$ 2-regular $\overline{\mu}=(\mu_{1}-1, \ldots, \mu_{k}-1),$ $\overline{\nu}=(\nu_{1}-1, \ldots , \nu_{k}-1)$ $n-k$
partition $\overline{\mu}$ 2-regular $d_{\nu\mu}=d_{\overline{\nu}\overline{\mu}}$
$\mu$
$k$ non-zero parts $0$ $S^{\mu}$ $S^{\overline{\mu}}$





1 Question (Danz, K\"ulshammer, Zimmermann $[4],[5]$ ). $F$ 2 $\lambda$ $n$ 2-regular
partition $D^{\lambda}$ $F6_{n}$- $D^{\lambda}$ source $V$ non-trivial
?
1 $\lambda=\mu_{0}$ $D^{\lambda}$ trivial source $\lambda\neq\mu_{0}$ $D^{\lambda}$
$G$ $FG$- $S$ $S$ p- $B$ $B$
defect group $D$ [15] $S$
$S$ vertex $P$ $P<D$ $\searrow$ source $V$
$P<D$ $V$ trivial question
$V$ $FP$- $V$ 1
2 proposition
Proposition (Okuyama-W [17]). $G$ $B$ $G$ p- $C_{B}$ $B$
$B$ defect $d$





Proposition $\sum_{\varphi\in IBr(B)}(\frac{\varphi(1)}{p^{a-d}})^{2}\not\equiv 0(mod p)$ $(*)$ $G$ $p$-
$(*)$ $(*)$ $G=$
SL $($ 2, $p),p>3$ $B$ full defect $D$ $p$ $(*)$
$\rho$
$p/\rho\equiv 0(mod (\pi))$ $G=6_{p},p>3$ $B$
$p=2$ ? ?
1
Corollary. $\mathfrak{S}_{n}$ 2- $B$ $(*)$
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